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> parabola:=x->2*sum(sqrt(x~2-4*x/Pi*(n+0.5)),n =0..trunc(x*Pi/4-0.5));

‘trunc(1/4 2z n~.5)
= 2_42(nt )
parebola :=z — 2 ( ngu z? -4 -

> plot([Hard_wall(x),parabola(x)],x=0..5.5,view =[0..6,0..40] ,title=‘Allapotok szama: hard vall &
]

Allapotok szama: hard wall & parabola
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U(ée) ]
L

204
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> ro_parabola:=x->2*sum((x-2/Pi*(n+0.5))/sqrt(x ~2-4#x/Pi*(n+0.5)),n=0..trunc(x*Pi/4-0.5));

trunc(1/4z x—.5) z~2 &_5

R — | So—
,;, [, ,z(n+.5)
Hodem

> plot(ro_parabola(x),x=0..5,title=‘Allapotsurn seg: parabola‘,view=[0..3,0..10]);

ro_parabola :=z — 2

4 E.

ey

v

Allapotsuruseg: parabola
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o 1 2 xé ) 5

> plot({ro_hard(x),ro_parabola(x)],x=0..4,title =‘Allapotsuruseg:hard wall & parabola

¢, view=(0..4,0

Allapotsuruseg:hard wall & parabola
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x
> homega_0:=3.9;
homega_0 := 3.9
' 4

s/
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A = 0.0 67'“46

E,}-— 4‘;(.?.we\/

> M:=(e,B)-> trunc(0.5+e/sqrt (homega_0-2+(1.731#B)"2));

M := (e, B) = trunc(.5+ £

)
homega.0” + 2.996361 B2
> plot([M(17.2,B)],B=0..25,title=‘depopulation: parabola & B ter‘ );

depopulation: parabola & B ter
1]
i
M @v&) . L.
i
i
i
24 L

£S £T&\QCL]

o 5 10 15 20 25

>> par)a;w].a_er :=(e,B)~>2/Pi*sum(sqrt(e-(n+0.5) *sqrt(homega_0-2+(1.731*B)"2)),n=0..trunc(e/sqrt(ho
2)-0.5)); '

parabola_Bter :=

€
trunc( 8)

V'homega_07 + 2.996361 B?

Ve~ (n+.5) Vhomega_07 + 2.996361 B2

n=0
(e, B)—~2 p

> plot(parabola_Bter(E,0.0),E=0..17.,title=‘All apotok szama: parabola & B ter‘ );

iy B
tw, = et _temg _te w.w

P B

M Me We

eop - ’C\‘m = 0.6 R TM] eV
Qo p 4 ©
Fowasy, 9

’ 5

Allapotok szama: parabola & B ter
W1
&
59
Lo
s
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1]
) 2 4 [ 8 10 12 14 16
B

> Parabola:=e->2/Pissum(sqrt(e-(n+0.5)*homega_0 ),n=0..trunc(e/homega_0-0.5));

€
trunc(m—.s)

Z ve - (n+ &) homega_0

n=0

Parabola := e — 2 p
> hard:=e->2+¢sum(sqrt(e-Pi~2/16%homega_0"2/e*n" 2),n=1..trunc(4/Pi*e/homega_0));

e
trunc(4 ——)
« homega.0 2 2 3
1 7% homega_0° 7
hard ;= e = 2 "z::l LT .

> plot([Parabola(E) ,hard(E)],E=0..17.2);
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Uu U

> Hard_wall:=x->2*sum(sqrt(x*x-n*n),n=1..trunc( x));

> plot(Hard_wall(x),x=0..5,view=[0..6,0..40],ti tle=‘Allapotok szama: hard wall‘ );

NED

L

trunc(z)

Hard.wall ==z — 2( 2 N
n=1

=4

407
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201

10

Allapotok szama: hard wall

> ro_hard(x):=2+sum(x/sqrt(x*x-n*n),n=1..trunc( x});

> plot(ro_hard(x),x=0..5,title=‘Allapotsuruseg: hard wall‘,view=[0..4.2,0..15]1);

trunc(z) z
=2
rohard(z) ; o

1t
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d= 50 A with(plots): QA&OX
> meff:=0.067:U0:=9:4:=50:ens:=7.62:
> c:=UO*meff*d/ens; T= AN
¢ := 3.956692913 A- Z\ﬁ‘Tl:(o’xe +RR,
> T1:=1/(1+c"2/k"~2):Rl:=c"2/k"2/(1+c"2/k"2);
15.65541881 -
RE== (1 055188 de Ejiw =
k2 L - |
> theta:=2x(k+arctan(k/c)); g tru Mm«,ﬁ\x&ed’
0 := 2k + 2 arctan(.2527363184 k) (<.
> T:=k-> T1°2/(1-2*Rl*cos(theta)+R172);
T1?
T:=k—

1—-2R1cos(d) + R1?
> a:=d*sqrt(2*meff/ens) :k:=axsqrt(E);
k := 6.630479215 VE

> plot(T(E),E=0..2.5,view=[0..2.5,0..1], xtickmarks=5,ytickmarks=10,axes=BOXED,\
numpoints=200,labels=[‘Energy (eV)‘,‘‘],labelfont=[TIMES,ROMAN,15],\
axesfont=[TIMES,ROMAN,10] ,title=‘ Transmission probability‘);
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The matrix g is My by Mg, where My = Int [—LJ-] and MR = Int [—E—-ﬂ] are the open
channels in the left and right lead (here Int[x] stands for the mteger part of ). Thus, in
general, g is a rectangular matrix. However, P and @Q are square matrices.

2\/_ m sin (

2) 9 (1) i sin [ (We — 1)
'—-72W2

(43)

2 Combining two scattering matrices

ot Ty th
5 = and S, = ) (44)
. tl T’l tg ’I"2

Then
r t
S = 5,885 = , where (45)
t r
r = rp+tire(l-r 1‘2)_1 t1, (46)
t = (1-rir) ", (47)
v o= rt+ta(l—1) 1‘2)—1 ity (48)
t = t(1—rr}) Mt (49)
4

1 Scattering matrix for constriction

Wi Wr
h X
The wave functions satisfy the Helmholtz equation
(V2 +k2) ¥(z,y) = 0. (1)
The wave functions on the left/right hand sides are
Wiey) = W+ T e HUnl), @
k(L) k]
®)
Ug(z,y) = E t,,\/w ek ’X;R)(y), where 3)
KO = keyf1- ( n )2 (@)
" ’CFWL ?
KR = k1 ( na )2 ©)
" kgWg/ '
2 nx ' s
wo sin (3% (y—h)), xfh<y<WL,£
) = - (3 ) , (6)
0, otherwise
(R)(y) = L sin (l"_ y) (7N
Wr Wr)’

For simplicity, we assumed that W;, < Wyg. Note that x{) and x(®) are orthonormalt basis.
The boundary conditions are

\I’L =0 = \I,R 2=0" (8)
d¥,, _ d¥y
d_I z=0 - dz z=0. (9)

—




Substituting the above wave functions into the equations of the boundary conditions, we have

(L) (L) _ (R)
\/ﬂ (y)+2npﬁ§—; ) = Z JP\/WX] (v), (10)
VKX @) - i X K P @), = i3 iKY ). (11)
j j

Multiplying both sides of the above equations from left by [x(’“) (y)]' and integrating over y
from h to Wy, (this is the interval, where x{1) are nonzero), we obtain

Omp +Tmp = Z \ k(R)< (L)l (R))tjm (12)
j
—(_
Omp — Tmp = E \ D (x([‘)lxg-m)t,-p, where (13)
l/UL 'u\ . WM—\ ®
BB = / 2] x® v) dy. (14)

We now introduce the following overlap integral:

kg:)
Omj = 4l;c‘(r) GBI, (15)
¢

14+r = pt, (16)

E (L (X(L)'XJR)> tips (17)

Then,

1-r

1

Adding the two equations and multiplying the resulting equation by g%, where the sign +
stands for the transposition and conjugation.

P

2% = g*ot+ Y | B O™ (g™ b (18)
ma . \ Ky ki :
The summation over m gives the unit matrix and then the summation over j results in the
matrix ¢, i.e.,
20" = gtot +1t, (19)
from which we find .
t= 2(1 + g*g) o*. (20)
Then,
-1
=ot—1=2(1+g%) o" -1 (21)
We now prove the following identity:
-1 -1
(1+6%e) ot =" (1+00*) . (22)

7g+:§+§f’ﬁ§t

Starting from the left hand side we have

(1+e*0) " ¢" = [ (e +0)] et =(c"+0)” (23)
= [(1+ee*) o] = et (1+0e%) " (24)
Thus, the matrix r becomes
r o= 2(1+0%) o' ~1=200"(1+00*)" -1 (25)
= 200%(1+ gg*)_l —(1+eet) (14 gg‘“)—l (26)
= (200" -1-00%) (1+00%) " = (00" -1) (1+00*) " (7

The scattering matrices for wave function incoming from the right side can be obtained
with similar calculations and we find

-1
v = (1+e*e) (1-¢*9), (28)
t = tt=2(1+ g*g)'l. (29)
In summary, the full scattering matrix becomes
rt
S = ( ) , where (30)
t r
r = (P-1)@+P)7, ~(31)
t = 2*(1+P)7, (32)
o= 21+Q)7Y (33)
= (1-Q) (1+Q7, (34)
P = po*, (35)

Q = o'y (\ é (36)
_k'(#) (L)]4/(R) (L) R)
0 bom' D) = k(m / [x X; " (v)dy, (37)
¢

Il

Qmj

(38)
Finally, some useful identities:
t1+P) = (1+Q) 7N et (39)
e(1+P) = 1+Q)7 g, (40)
Pt =P, (41)
Qt=Q. (42)
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(48

“Infi= Remove["Global #"]

(» Assymetric Breit-Wigner =)

(*a==€0-2y Cos[k]«*)

Remove::rmnsm : There are no symbols matching "Global " »". >

In[2):=
(#Graphics[{Black,
Disk[{-1,0},.5,{-Pi/2,Pi/2}]),Disk[{1,0},.5,{Pi/2,3Pi/2}],
{Thick,Circle[{0,0},.3]},
Line([{{-1,0},{-.3,0}}],
Line[{{1,0},{.3,0}}],
Text[Style["e;",Large,Bold]}, {0,0}],
Text[Style["a",Large,Bold], {-.4,.1}],
Text[Style["B",Large,Bold],{.4,.1}}}
1#) {
(g 4 M“YV"O/‘/
yeS e &
Out[3]="
_e"k : a
in[4}:= v=27$in[k];g0= H E = - 27 M%
(R 1
G = Inverse 0 got -B /_/ ; ) -
-a -B -2yCos[k]-el 1\" H

t=G[[1, 2]] v // ComplexExpand // Simplify;

Inf7}= Ttle_] = Assuming[a € Reals && 3 € Reals &8y € Reals &£k € Reals && €l € Reals,
twet*// Fulls:i.mplify] /. {k => ArcCos[-e/ (2¥)1}:
Tt[e] // TraditionalForm

Out{8)¢/TraditionalF orm=

st 1 - 2) g Ly
T TS g

In[g]:= Vs ( ‘ZIJ/[’? ]'z * (g_ %’L F\\

v’ |
Clruw-et +4¢
73@«») :

b

2.0

T Tr—
by (E —é,‘)q




24 Breit_Wigner_Fano.nb

4a2B2 (1_,;_0_:7)

In{10}:= Manipulate[Plot , {e, -2, 2}, PlotRange » {0, 1}],

(@287 1= 35) + (MR ever)

{{a, .1}, O, 2}, {{B, -1}, O, 2}, {{¥, 1}, .5, 1.5}, {{e1, 0}, -2, 2}]

out[10}= I
0.8+

0.6

04

Inf11]:= (*Fanow)

(*

Graphics|[{Black,
Disk[{-1,0},.5,{(~-Pi/2,Pi/2}],Disk[{1,0},.5,{Pi/2,3Pi/2}],
{Thick,Circle[{0,0},.31},
Line[{{-1,0},{-.3,0}}1,
Line[({1,0},{.3,0}}1,
Text[Style["s,",Large,Bold}, {0,0}],
Text[Style["a",Large,Bold], {-.4,.1}1],
Text[Style["B",Large,Bold],{.4,.1}],
{Thick,Circle[{0,1}, .31},
Text[Style["e,",Large,Bold], {0,1}],
Line[{{0,0.3},{0,0.7}}]1,
Text[Style["é",Large,Bold], {0.1,.5}]}

*)




-2y Cos[k]-€l
-6

0
(]
-8
-2y Cos[k]-€l

:

Breit_Wigner_Fano.nb |3




in[15]:=

& | Breit_Wigner_Fano.nb

4a2 @2 (1-7

(1_ ;) (a2 +I32)2 . ( (aus’-zf) .y (el'(.-gz))

Out[15)/TraditionalForm= f\

Inj16):= Manipulate[Plot[ .
(a2+B2) (1___) ( azqsz-zv‘ ,y (elke-zz))
{{a, .1}, O, 2}, {{B, -1}, O, 2}, {{v¥, 1}, .5, 1.5},
({e1, 0}, -2, 2}, {6, 0, 1.5}, {{e2, 0}, -2, 2)]
In[17}= f£anoT = — >
(o2 + B2)° (1.- ‘i:‘;) + (f_(“.L:_;i’z_)_ Y (el- ::2))
40 p? (l' ;;)
Out[17}=

4a2ﬁ2(1———)
R R ]

4 a2 g2 (1--—)

e (az +B2-2 12)

(o2 + B2)? (1—%) + (——ZT—+Y (el- ::2))2

// TraditionalForm

, {e, -2, 2}, PlotRange - {0, 1}],







(*

G=Inverse [

*)

go
0
-
0

0
g0~
-B
0

1

-a
-B

-2y Coslk]-€l
-&

0
-&
-2y Coslk]-€l

Breit_Wigner_Fano.nb

|3
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(1.4.3a)

| e|ns (1.4.3b)

he longitudinal resistance is
nearly with magnetic field.

red by preparing a rectangu-
v along the x-direction and
V, - V,) and the transverse
.4.1). Since J, =0, we can

- Pyt x

; = E,W. Hence the resistivi-
“and transverse voltages by

Vo
|

inal voltage _V; and the trans-

jaAs film usi}hg a rectangular

. - R} . ’ r

1.4 Low-field magnetoresistance

li
tCw

jnn)

1 A :
0 1 2 3 4 5 6 7 8
Magnetic field (T)

Fig. 1.4.2. Measured longitudinal and transverse voltages for a modulation-doped

GaAs film at T=1.2 K (I = 25.5 pA). Reproduced with permission from Fig. 1 of M.

E. Cage, R. F. Dziuba and B. F. Field (1985), IEEE Trans. Instrum. Meas. IM-34,
301. © 1985 IEEE

constant while the Hall voltage increases linearly in agreement with the
predictions of the semiclassical Drude model described above. At high
fields, however, the longitudinal resistance shows pronounced oscillatory
behavior while the Hall resistance exhibits plateaus corresponding to the
minima in the longitudinal resistance. These features are usually absent
~ al room temperature or even at 77 K but quite evident at cryogenic tem-
‘ tures of 4 K and below. To nnderstand these features we need ta oo



124 - ° C. W. J, BEENAKKER AND H. VAN HOUTEN

b)

- " F1G. 51. Tllustration of the reduwstion of backscattering by a magnetic field, which is
| responsible for the negative magnetoresistance of Fig. 50. Shown are trajectories approaching a
constriction without a potential barrisr, in & weak (a) and strong (b) magnetic field. Taken from
H. van Houten et al,, in “Nanostrustured Bystems” (M. A. Reed, od.). Academic, New York.

Here N, i3 the number of om Landau levels in the wide ZDBO

regions. The simplest (but insemplets) argument leading to Bq. (13.7) is that
the additivity of voltages on 1008pvelss (ohmic contacts) implies that the twe- |
terminal resistancs Ry, = (M _should_equal -the-sum-—of the-Hall §

¥ - | resistanee Ry= (W)N- ‘ jtudinal resistance R,. This

BERgS that the 3all resistance in the
BT Af thn sinatdaslu. e ¢
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s tabulated in Fig. 49 should

acy of the energy levels is
' at odd multiples of e?/h.
a particularly clear fashion,
srpendicular) to the 2DEG.
required to fully lift the spin

Ml fraction of the electrons

i is transmitted through the

attered back into the source
sistance of a-ballistic point
~ a relatively weak magnetic
 backscattering caugsed by the
wnt of backscattering caused
smains essentially unaffected.

gnetic field is observed as a
)] in a four<terminal measure-
1ce R,. The voltage probes in
G regions, well away from the
w3 the establishment of local
Flin weuk magnetic fields (cf.
Beterminal resistance does not
Mental results for R, in this.all

%8 =04 02 0 02 04 06
B(T)

Fic. 0. Four-terminal longitwainal magnetoresistance R, of a constriction for a uﬁu of pate

voltages. The negative 808 is temperaturs independent betweén SOmK |
.  and 4
Solid lines are according to Bus. (13.7) and (10.3), with the constriction width as - |
rarameter. The inest shows ) the device geometry, with the two voltags probes used

1o mensure R,. Tobon Mom . van Mouten et al, Phys. Rev. B 37, 8534 (1988). |

~ approximately eonsiont Dok H.. 31 or Eq. (10.8)], so R,, is om m |
ipendent on 81 1 A gk, Forsronger c . (1.9 dasorhon |
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